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Preface

These notes are based on lectures given at University of Nantes in 2018. Standard
references for population dynamics are

¢ Stochastic models for Structured Populations Bansaye and Méléard [I]
e Markov Processes Ethier and Kurtz [2]

e Tom Britton, Etienne Pardoux, Stochastic epidemics in a homogeneous
community, https://arxiv.org/abs/1808.05350

¢ Donald Dawson, Introductory Lectures on Stochastic Population Systems,
https://arxiv.org/abs/1705.03781

The basic reference for convergence of Markov processes is the book by Ethier
and Kurtz Ethier and Kurtz [2].

One can find standard courses on continous time markov chains and martingales
everywhere on the net. Here are two such references by Steven Lalley https://
galton.uchicago.edu/ "lalley/Courses/313/ContinuousTime.pdf https:
//galton.uchicago.edu/"lalley/Courses/385/ContinuousMG1. pdf.
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The Galton Watson process

1 Introduction and extinction probability

It is a discrete time Markov chain on the set N. The discrete time parameter 7 is
the generation number. In this population model, each individual produces, in-
dependently from the other individuals, a random number of descendant follow-
ing the same offspring distribution, the law of an integer valued random variable

£.
Given (£(k);, k > 1,i > 1) IID random variables distributed as &, the Markov chain
is defined by induction : X, =1 and

X,
Xp =D &MY (1.1
i=1

We assume that the mean offspring is finite and not null
O<m:=E[f]<+00. (1.2)
Furthermore, we assume that the process is not deterministic, that is
VieN,P(E=i)<1. (1.3)

We also usually assume that P(£ =0)+P(& =1) < 1, since otherwise the process
is trivial. 0 is an absorbing state, so g,, = P(X,, =0) is increasing and

q:=lim(P(X,=0)=P(3n:X,=0) isthe extinction probability. (1.4)

Let fn(s):IE[sX"] be the generating function of X,,. We let f(s)= fi(s) :E[sg].

Lemma 1.1. f,,(s)= f,.(f(s)) and therefore f,,(s)=f o fo---o f is the n-th com-
position of f .
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Proof. We have, é'(i"H) independent from .%,, := a(i(jk), k<n,j=1)d>0o(XyX1,...,Xy)

FX. Therefore

E[SXnH X, = k] _ El:sg(ln+1]+...y§(lcn+l)j| _ f(s)k- (1.5)
Hence

Fun(8)=E[E[s™ | X, ]]=E[£(5)"] = ful F(s)- (1.6)

O

Lemma 1.2. The extinction probability satisfies q €[0,1] and

q=f(q). (1.7)

Proof. Consequently gq,, =P(X,, =0) = f,,(0) satisfies
In+1 = f(qn) (1.8)

and taking limits yields the desired result. O

The study of the equation f(s) = s for the function f non negative, increasing
convex on [0, 1], with f(1)=1, yields immediately the following dichotomy

Proposition 1.3. Ifm <1, then q =1 : there is almost sure extinction.
Ifm > 1, then q < 1 : there is a positive probability of non extinction.

We say that the process is subcritical if m < 1, critical if m =1 and supercritical if
m>1.

The Galton-Watson process is a branching stochastic process arising from Fran-
cis Galton’s statistical investigation of the extinction of family names. The pro-
cess models family names as patrilineal (passed from father to son), while off-
spring are randomly either male or female, and names become extinct if the fam-
ily name line dies out (holders of the family name die without male descendants)

Assume that & ~ B(d, p) with p =1/2. Then f(s)= (szil)d and thus
e if d =3,1—q =0.77 is the probability of survival of the name
o ifd=5,1—q=0.96.

Observe that if initially, X, = 20 then ¢ — g?° and 1 —g?* ~ 1 for both d =3 and
d=5.
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2 The fundamental martingale and the actual growth of
the population

The process W, = 27, is a positive martingale. Indeed, since & (Z."H) are indepen-
dent from 7,
1 1
E[Xpi | Zu]=EXyn | [ 4orgf™Y]  =mx,. 9)

Therefore, there exists a positive integrable finite rv W such that
W,—-W a.s. (1.10)

Hence, if m < 1, X,, = m" W, converges as to 0 exponentially fast.
Trivially, g =P(3ny, Vn =0, X,, =0) < P(W =0) but we can say more.

Lemma 1.4.
P(W =0)e{q,1}.

Proof. We only need to prove that s := P(W =0) satisfies f(s) =s. The i-th de-
scendent from the firts generation has a martingale limit W (). More precisely, if
X ,(f) is thenumber of descendent in generation #n of this i-th person, then the pro-
cess X are independent, distributed as X, independent from X; and for n > 2

Xp=> X\, (1.11)

This stochasic equation is usually called the basic branching equation and is bet-
ter understood by introducing the Uhlam-Harris tree representation of a Galton
Watson process (see for example Champagnat [3]).

Taking limits, we obtain that

1
W= lim m*”Xn:E(W(1)+---+W(X1)). (1.12)

n—+00

Therefore

s=P(W=0)=P(Vie{l,.... X;}, W =0)
=Y P(vie(l,..., x;}, W) =0| X, =k)P(X; = k)
k

:ZP(W(” =0,Yie(l,...,k})P(X; = k)
k

:Zsk]P’(Xl =k)=f(s).
k

{eq:13}

{eq: 14}

{eq:15}

{eq:16}
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In the supercritical case, with mild integrability assumptions, either the process
goes extinct, either the population grows a.s. at rate m".

Theorem 1.5 (Kesten-Stigum). Assume m > 1. If ]E[§ log" & ] < +oo then (W,),
isULE[W]=1,P(W =0)=gq and {W >0} ={Vn, X,, > 0} a.s. that is on the non
extinction set the population grows exponentially fast.
IfE[Elog® &]=+00, then W, is not UL and W =0 a.s.

Sketch. One can prove easily, exercise, that if ]E[§ 2] <+4o0o the W, is UL If W, is
UI, then by the optional stopping theorem at time ¢t = +oo, E[W]=E[W,;]=1.
Therefore one cannot have P(W =0)=1. Hence P(W =0)=gq.

Since {dn: X,, =0} c {W =0} and these two sets have same probability, then
these sets are equal a.s. O

In the subcritical case, we can determine the expected total size. In practice if
the process models an infection with at time 0 exactly one infected person, then
the total number of infected person is

Lemma 1.6. I[fm <1 thenE[X]= -

In the subcritical case, the asymptotics X,, ~ m" W suggests that the first hitting
time of 0 has an exponential tail.

Lemmal.7. [fm<1 cmd]E[élogJr 5] < 400, then there exists K > 0 such that

P(Thy>n)=P(X,>0=Km"(1+0(1)) (n—+00).

We may be interested to study the mean time to extinction with an initial popu-
lation of size N, with N large : it is of order In(IV).

Lemma 1.8. Ifm <1 andE[Elog" &] < +00, then

InN
Inm|"

E[Ty| Xo=N]~ (1.13)| {eq:17}

Proof. https://www.math.uni-frankfurt.de/ ismi/vatutin/Lecture4.
pdf O


https://www.math.uni-frankfurt.de/~ismi/vatutin/Lecture4.pdf
https://www.math.uni-frankfurt.de/~ismi/vatutin/Lecture4.pdf

Birth and death processes

1 Definition and non explosion criteria

Definition 2.1. A brth and death process is a pure jump Markov process, with val-
ues in N, with jumps steps +1 and transition rates

i — i+ 1 with rate A
i — i—1 with rate Ui,
lUlthAIZO,‘UlZO, AOZ‘U,O:O.

The Q matrix, or infinitesimal generator, is given by

Qiivi=2i, Qiii=ui, Qii=—(Ai+u;)=:—q;, Q;;=0otherwise. (2.1)
When in state i the chain waits an &(g;) time, then jumps to i+ 1 with probability
%, and to i — 1 with probability 7
Three important examples

1. The linear birth death process. It is a branching process with A; = Ai and
Ui =ui (A, u>0given).

2. The logistic birth death process: A; = Ai, u; =ui+ci(i—1) (¢ > 0).

3. The birth death process with immigration: A; = Ai+p, u; = ui (p >0
given).

Le (Z,,)>0 be the embedded Markov chain. It has transition matrix

A
Pii+1=1=pii1= q—l 2.2) {eq:1}

i

Recall that
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Proposition 2.1. There is non explosion iff

ZL=+OO a.s. (2.3)

n=>0 qZ,,

Corollary 2.2. Sufficient contions for non explosion are that
e eithersup; q; <+00

e cither(Z,),ex IS recurrent.

‘Proposition 2.3. The linear birth death process does not explode.

Proof. Herewe havefori>1, p; ;1 =1—p; ;= ﬁ, and pyp=1. S0 Z, =S, 7,

is a random walk §,, = X; +---+ X,, with mean step E[X;] = % If A > u, then

S,/n—E[X;]>0,s0S, —+00 and either T < +00 and ano q% =+00, or
_ 1 C
=G ws, "
and again )., 7~ =+00.
If A < u then T, < +00 a.s, the chain is absorbed at 0, since liminf§,, = —oco
a.s. O

Theorem 2.4. Let (X,);>o be an integer valeud pure jump markov process with
generator Q. Then X does not explodes a.s. iff the only non negative bounded
solution of Q¢ (x)=@(x) forx > 1 isp =0.

Proof. We begin by showing thatif Ty=0< T, <---< T, <... are the jump times,
with limit T, :=1im T,,, then the function

P(x):=E, [e_T°°] (2.4)

isnon negative bounded and satisfies Q¢ = ¢. Indeed, ¢(0) = 0 and conditioning
by Tj, thanks to the strong Markov property, if x > 1,

E.[e™ | Fp]=Ec[e e =" | Zp]= e NEy, [e 7] =" p(2).
Since T and Z; = Xy, are independent,

P(x)=E,[e "|E,[¢(2)]

qdx qu
= o(y)

1
qu;qumy).

{eq:2}

{eq:3}
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Thus,
QP(X)=D ey (1) ==axP(X)+ > dry§(y) = P (). (2.5)
y

y#x

Assume that the only non negative bounded solution of Q¢ (x) = ¢(x) for x > 1
is ¢ =0, then ¢(x)=E[e T~ ]=0so0 that To, =+00, P, as.

Reciprocaly if the process does not explodes a.s. there exists x such that ¢(x) >
0. O

Proposition 2.5. Assume that A; > 0 for i > 1. Then, the birth death process does
not explode a.s. iff

1 Wi .Ui"'.uz)
;(Ai Aidi Ais Ay

Corollary 2.6. If there exists A such that A; < Ai, then the birth death process does
not explode a.s.
2 Extinction probabilities

Proposition 2.7. The extinction probabilities(u; :=P;(Ty < +00),1 > 1) satisfy the
equation Qu(i)=0 that is

Aiipr — (A +u)ui+uiui =0. 2.7)

Proof. We condition by the value of the first jump X7 = Z;. By the strong Markov

property
Pi(Ty <+00 | Fp) =Ex, [Ty <+0o]. (2.8)

Therefore, taking expectations

A
ti ! [u( 1)] Ai +‘LLi Hin1 7(,1' +‘U,i

Uiy 2.9)

This is exactly the desired equation.
O

Proposition 2.8. Given N > 2, let ug.N) =P,(Ty < Ty), for0<i<n. Then ugN) =1,

u%\’) =0and

) _ W1 = Win

1 b
u;
Wna

n
. u
, withW,=1+ . (2.10)
n ;Al‘.‘kk

In particular
1
ugN) =1— .
Wy-1

(2.11)

{eq:5}

{eq:8}

{eq: 9}

{eq:4}

{eq:10}

{eq:11}

{eq:12}
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Proof. On can do the same proof as in the preceding proposition, or else apply

the preceding proposition with rates /1 (V) — ,ulN Ofori>N, and get that xlgN) =

ugfl)—ugmsatisfykix —u,x 1,f01‘1<l<N 1. With g; = andrl g1 8i
we ™) _ (V)
getx; '=rix; ,

(N)

uE.N)=1+x0 +- X

The boundary condition 0 = ug\sz) implies the value of x(()N) and the formulas. O

By letting N — 400, we have, when there is no explosion, uEN) — U;

Theorem 2.9. Let

Ifa = +00 then the extinction probabilities are all equal to 1. Otherwise, they are

.Ul Ui

U=
o= A e

Example : the linear birth death process. g; = %, r= (%)l There is a.s. extinction
if . And if A > , the probability of extinction is

i
= (L) <1

Example : the logistic birth death process g; = _M+C( i)

Lu+c(k—1 .
ri:n%ZCkl,

so Y., r; =+00 and there is extinction a.s. In the mean the population stabilizes
but the competition, stochastic, makes extinction inevitable.

Indeed if f(x)=x and x(¢)=E,[X,] then L f(x)=(A—u+ c¢)x — c x2. Therefore,
by Kolmogorov forward equation, and Cauchy Schwarz inequality

x’(t)z%Ptf(x =P Lf(x)=(A—p+c)x(t)—cE [ X ] < (A—p+c)x(t)—cx(r)
(2.12)
We write it

+A—
X(0)==Cx()x(1) = ¥oo), With oo = . (2.13)
Therefore if xo, < 0, then x is decreasing and if x., > 1, then by comparison x

stays below x.




Linear Birth and Death process

1 The branching property

We say that the markov process X = (X(t),t > 0;%;,t > 0;P,,x € E) has the
branching property if whenever X, X, are two independent copies of X starting
from x;, x, respectively, the process X;(t)+ X»(¢) has the law of X starting from
X1 + x,. Formally, this may be written as

P, %P, =P, iy 3.1)

To establish [3.1|it suffices to prove equality of finite dimensional distributions.
Welet P, ., =P, ®P,, be the distribution of the couple of independent copies
and E,, ., [.] be the corresponding expectation. We need to prove that for any
Hh<t<..<t, wehave

E. 1, ]Jﬁ(xl(rmxz(ti))

=Eypa, []_Iﬁ-(X(ti))]. 3.2)

Itis easy to prove, by amonotone class theorem, that the process (X;, X,) is Marko-
vian with respect to the filtration ¥, := o(X;(s), X»(s), s < t) with semi group

E[f(X (2 +$), Xo(£ + )| 95 | =Ex,(5).x,05) [S(X1(£), Xa(£))]. (3.3)
Therefore, by an easy induction, X is a branching process iff
Ex, v [fX(0+X()] =E[f(X(1)]  (Vx1, %5, 7). (3.4)

Let us consider from now on, processes with values in R, or N. Then, since the
Laplace tranform of positive rv’s characterize their distributions, we let for § > 0,
fo(x):=e~?*. By independence

Ey, v [fo(X1(0)+ Xo(0))] = Ey, [e X VIE,, [e70*1]. 3.5)

{eq:defbran}
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Hence, X has the branching property, iff for any 8 > 0, r > 0 the function h(x) =
E, [e‘gx(”] satisfies h(x; + x,) = h(x;)h(x,). This happens iff there exists u(8, t)
such that

P, fo(x) =By [e X ] = 72100, (3.6)

Let us specialize now to bd processes.

Proposition 3.1. A birth and death process is a branching process iff it is a linear
birth and death process.

Proof. Recall that the generator is

Lf(x)=Ax)(f(x + 1) = f(x) +pu(x)(f(x —1)— f(x)),

and therefore the generator is

.1 _
Lfy(x)=lim ~ (P, fy(x)—fo(x) = =%, u(6), t)i=0e U009 = x5, u(B, )= fp(x).
(3.7
On the other hand we have

Lfa(x) = fo(x)(Ax)e 0 — 1)+ p(x)(e? —1)). (3.8)

The only way for these two expressions to be equal for all x, 8 is that A(x) = Ax
and u(x)=ux.
O

2 Distribution at a fixed time

With a little bit extra work we can obtain the distribution of X(¢) at a fixed time,
and deduc from it the extinction probability at a fixed time.

Proposition 3.2. For a linear birth and death process starting from xy = 1, we

have if A # u,
(e — 1)1 —(Ae=0 — )

AMe=0 —1)eP—Wt —(Re—0 — )

E[e0%] : 3.9)
and if A= u,

_ox,1_ Ar=1)e?-1)—1
Bl = e

(3.10)

Of course, the branching property implies that

E [e % ]=(E,[e70%])". (3.11)
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Proof. We know from the branching property that P, fy(x) = e *“?.9) Therefore,
E[X;e 0% ]|=—3y P, fo(x), (3.12)
and
3 P fo(x)=LP; fo(x)= (e —1AE[X;e 0% ]+ (e —DuE[ X, e %] (3.13)
=~(Ae™" —1)+u(e’ ~1))dp P, fo(x) (3.14)
Therefore
S,u(0,t)+Me =)+ pue? —1)8,u(d,t)=0. (3.15)

We shall use the method of characteristics to solve this PDE. Let (x;(s), x,(s)) be

a solution of
de -1 dx1

s~ L s “Me—1)Fplen —1). (3.16)

Then, p
——u(x;(s), x2(s))=0 (3.17)

ds

and u(theta,t)= x;(0) if we have the boundary conditions x,(0) =0, x,(t) = ¢,
xl(t) =0.
For A # u, we solve the ode for x;

e = (3.18)
sTes AMle= —1)+u(ex1 —1) .
_ —dy -
_f MeY—1)+u(e v —1) (y=—x1) (3.19)
__ 1 1 ( eV —1 ) a0
- )L—‘LL n AeJ’—‘u .

That is
e(l—u)S(e—xl(s) —1)
Ae—xls)—1
Injecting the boundary conditions x;(t) = 8, x;(0) = u(8, t) yields the desired
formula.

=constant. 3.21)

O
Letting 8 — +00 in the preceding yileds the extinction probabilities

Corollary 3.3. For a linear birth and death process starting from xo = 1, we have

ifA#u, o
_ oy MO—em)
P(X,=0)= A= et (3.22)
andif A=u
P(X,=0)= A (3.23)
T 1+ e '
We can check that the (final) extinction probability is
— —o=1rY
q=lim P(X,=0)=1A% (3.24)
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3 The fundamental martingale

This linear BD process is the continuous analogue of the GW process. On non
extinction, it grows exponentially fast.

Proposition 3.4. Assume A > u. The process W, = e"*#! X, is a positive martin-
gale, Uniformly Integrable, converging a.s to a positive integrable random variable
Weo and almost surely

{Weo >0} ={V1,X, >0} (3.25)

Proof. Applying Kolmogorov forward equation to f(x)= x yields
0P, f(x)= P, Lf(x)=(A—p)f(x)
and therefore P; f(x)= e(’l_“)tf(x). Hence, if s let,
E[W, | Fi]=e " P _ f(X,)=W,. (3.26)

We have obviously
{Weo >0} C{Vt,X; >0} (3.27)

and all we have to prove is that thes two sets have the same probability.
Similarly we can compute exactly E [X f] and deduce that the martingale W, is Ul
and thus E[W]=E[W,]=1.

On the other hand, conditionning by the first jump time, the strong Markov prop-
erty yields that s =P (W, = 0) satisfies

2 u
=S5+ — 3.28
S /1+,us A+u (3.28)
Therefore s € {1, H}. and E[W,,]=1imposes s # 1 therefore s = u/A. O

4 Hitting times

Intuitively, the preceding results show that in the supercirtical case, it takes app-
proximatively /0og K unit of times to go from a population of 1 individual to a
population of K individual. And in the subcritical case, it takes also /og K unit
of time to go extinct starting from a polulation of order K.

Let T, =inf{t >0: X; = a} for a e N. Let (tx)x>1 be a sequence of positive times
such that t;, >>log K.
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Proposition 3.5. 1. Assume A < u, subcritical case. Then for any € > 0
Pi(Ty < tx A Tegy) — 1 (3.29)
and
Plex|(To < tx) — L. (3.30)
Moreover .
Pp(Ten <)< 7. (¥n21,k>1). 3.31)
2. Assume A > u (supercritical case). Then
u
Py(T < tK/\IfeK])HX. (3.32)
and u
Py(Tex < tx) — 1-> (3.33)

Proof. Since T, > a—1, and tx — 400, we have
P(Tp < tx A Texy) = P(Ty < +00)

and this yields (3:29) and (3.32)

The limit (3.30) follows from the exact computation of the extinction probability
at time ;.

)kK1

Plex|(To < tx) =P (X, =0 (3.34)

The inequality (3.31) follows from Doob’s stopping theorem applied to the Ul
martingale W; and time S = Ty A Ty,

E,[Wsl=E,[Wyg, Y1, <5)] =En[Wol=n (3.35)

and sinc A<y, Wy, >kn.

Eventually, (3.33) comes from the fact that on the extinction set, {W,, =0} of
probability u/A, we have a finite progeny, to as Tj.x| = +0o for K large enough.
On the survival set, {W,, > 0} = {T) =400} we have X, ~ W, e ™" and since
tg >>1log K, we have both T =+00 and Tjex < tk. O

{pro:hitlinbd}

{eq:66%}

{eq:67%

{eq:68}

{eq:69}

{eq:70%}



Comparison of Markov Jump Processes

1 Motivation

Assume that X!, X? are linear birth death processes with birth rates A’ and death
rates u' that satisfy

M <Ay, U<z
Our intuition tells us that if X(0) < X?(0), then X ' has more chances to be extinct
at time ¢ than X2, that is

ifx;<x, then P,(X!=0)>P,(X*=0).

- t
A first idea is to use exact computations that give

(.Ui(l—e_(’lf_”")t))xi

P (X; =0)= A — e~ ipit

t

4.1)

But even for x; = x,, fixed ¢, checking that this function is decreasing in A is not
an easy task.

2 Stochastic Monotonicity
The state space (E, &) is endowed with a measurable partial ordering < such that

F:={(x],%): X < X} €& (4.2)

A measurable function f : E — R is monotone if x; < x, = f(x1) < f(x,). A
measurable set A is monotone if 1, is monotone that is x € A and x < y implies
y € A. Welet ./ be the set of monotone functions (and the set of monotone sets).
For two probability measures on E we say that u; < u, if for every non negative
fe M, u(f) < po(f). For two random variables on (E, &) we say that X < Y if
Py < Py.

14
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If F is closed and E polish theorem, then Strassen’s theorem (see Lindvall [4])
states that it twho probabilities u;, u, on (E, &) satify u; < u, then there exists a
probability measure P on (E?, & ® &) with marginals u;, u, such that P(F) = 1.
In other words there exist random variables Y}, ¥; on (E, &) such that ¥} < ¥; a.s.
and Y; ~ ;.

Given two semigroups on b &, we say that P,(t) < P,(¢) if

X1 <X = Pi(1)f(x1) S Po(8)f(x2)(£ 20, f € b ). 4.3)

Lemma 4.1. Let u, U, be two finite measures on (E, &). The following are equiv-
alent

1. py(A) L uy(A) forallAe A
2. m(f) < ua(f) forall f € b +.
3. () Spo(f) forall f € M +.

If furthermore u,(E) = u»(E) then each of the above statement is also equivalent
to

pr(f) < pa(f) (4.4)
forall f € # such that the integrals exist.

We would like to compare generators and say that L; < L, implies P;(t) < P(t)
forall .

We say that the operators L;, L, defined on bé& satisfy L < L, if x; < x, and A
monotone, and either both x;, x, € Aorboth x;, x, € A® imply L, f(x;) < L, f(x,).

Lemma 4.2. Ifforallt P,(t) < Py(t) then the corresponding generators satisfy L, <
L,.

Proof. Assum Ae #, x1 < x,. If x €A, x, € Athen
.1 .1
L;i1A(x;) =lm — (P (1)1 4(x;) — 1 a(x;)) = im —(P;(£)14(x;) — 1)
tlo t tl0 ¢

and since Py(1)14(x;) < B(t)14(x,) we obtain L14(x;) < L14(x,). If x; AnA and
X, AnA the proof is similar. O

We are going to prove that for processes with bounded rates, the condition L; <
L, is also sufficient.
We have the following extension of Strassen’s theorem.

Theorem 4.3. Let X;, X, be two Markov processes on the polish space (E, §) with
cadlag paths whose semigroups satisfy forall t P,(t) < P(t) and let u, v be two
probabilities on E such that u < v. Then there exists a coupling that is two pro-
cesses defined on the same probability space (X,(t), X»(t), t > 0) such that X,(0) ~
u, X,(0) ~ v, Xy, X, have respective semigroups P, P, and

a.s.¥t>0 X;(t)<X,(1). (4.5)
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Proof. This can be found in Kamae et al. [5, Theorem 5]. We say then that X; () <
X,(t) if we consider such a coupling. O

3 Markov jump processes

Kernels and semigroups
Definition 4.1. Let(S,.) and (T, ) be two measurable spaces. A function
K:SxJ —[0,+00] (4.6)
is called a (transition ) kernel if
1. for any fixed B € 7, the function s — k ((B)x(s, B) is measurable.
2. forany fixed, s €S, the function B — k(s, B) is a measure on (T, 7).

The kernel is said to be finite if all the measure x are finite. It s a Markov kernel,
or a probability kernel, if all the x; are probabilities.
To every finite kernel x we associate the operator A, : b7 — b.¥ by:

AKf(S)=f Frg(dt)=x,(f). 4.7)
T

If an operator A: b7 — b is positive in the sense that f > 0 implies Af > 0,
then (s, B) := Al g(s) defines a finite kernel s.t. A= A,..

Let(X(t), t = 0)be astochastic process defined on a probability space with values
in (E, &), thatis (,w) — X(t,w) is a B([0,+00[)® Z — R measurable function
and let ﬁ'tx :=0(X(s),s < t). Then X is a Markov process if

P(X(t+s)€A|F))=P(X(t+s)€A| X(1)), (4.8)

foralls,t>0and A€ é&.
If (%;), is afiltration such that & tX C 9, we say that X is a (¢,) Markov process if

P(X(t+s)€A|9,)=P(X(t+s)€A| X(1)), 4.9)
foralls,t>0and A€ é.

Proposition 4.4. Assume that (P,,x € E) is a family of probability measure on
(Q,F) such that

1. X is a Markov process under each P, such that

Po(X(1+5)€A|9,)=Pyn(X(s) € A) (4.10)

foralls,t >0, x€E and A€ é&.
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P.(X(0)=x)=1  (Vx) 4.11)
3. Theoperator P, f(x)=E, [f(X(t))] is a Markov kernel on E.
Then (Py, t > 0) is a Markov semigroup : Py=id and P, P; = P, ;.
Proof. 1f f € bé&, then By f(x)=E|[ f(X(0))] = f(x)so Py = id and

Pt+sf(x)=Ex [f(X(t—l—S))] =E, [Ex [f(X(l’—i—S)) | gt]]:Ex [Psf(Xt)] =PtPsf(x)-
(4.12)
O]

To this semi-group we can associated transition kernels P;(x, d y) which are called
transition functions associated to the markov process X, and the semi group
equation is then called Chapman-Kolmogorov equations.

PH—S(xrA):fPt(x)dy)PS(y)A)- (413)

It is worth observing that given such a Markovian semi-group, on a polish space
(E, &), then there exists a Markov process satisfying the assumptions of the propo-
sition. It’s distribution is uniquely determined (see e.g. [2} Theorem 1.1]). There-
fore we shall identify Markov semi-groups with such Markov processes.

Definition and first properties

A pure jump Markov process defined on (E, &) is a Markov process whose semi-
group satisfies
ltinéPt 14(x)=14(x) (Vxe€e E,YAE€8). (4.14)

This is called the continuity assumption since it means that as t — 0, P;14(x) —
Pyl (x)=14(x).

Thisis also called the jump assumption since this implies that the Markov process
stays constant until the first jump.

For example a Brownian motion is not a pure jump process : it satisfies, for con-
tinuous bound f, P; f(x) — f(x) butif ¢ > 0, since p;(x,dy)=¢.(y —x)d y, the
gaussian density, for f = 1;,; we have P, f(x) = 0 and therefore P, f(x) — 0 #
f(x)=1.

Lemma 4.5. Let X be a pure jump process and let T = inf{t > 0X, # X,}. Then,
under P, there exists a(x) €[0,+00] such thatP,(T > t)= e~ '),

Proof. By Markov property since {T >t} € Z; and 17545 = L151) L(T>506,) =
Lirs1) 15 with X(s)=X(t +s)and T = T(X)

Po(T > t+5|7)= LrsnEx, [ L1s5)] = Lrs0Px(T > 5) (4.15)
O]



CHAPTER 4. COMPARISON OF MARKOV JUMP PROCESSES 18

If a(x) =0 (resp. +00, € (0,4+00)) we say that the state x is absorbing, instanta-
neous, stable.

Theorem 4.6. (Chen [6, Theorem 1.4]) Let X be a Markov pure jump process with
semigroup (P;);>o. Then there exists a measurable function q : E — [0,4+00] such
that

1
Var, im (1= Py 1 () = g (). (4.16)

We have g(x) = a(x), but this is not so simple to prove. The following applies in
particular to processes with bounded rates,

Theorem 4.7. (Chen [6, Theorem 1.11]) Let Let X be a markov pure jump process
with semigroup (P,),>o on E Polish, such that the set

{x:q(x)=+00} 4.17)

is at most countable. Then there exists a finite kernel q on E such that q(x,{x})=0
and forany f e b&

lim %Ptf(x)— x= f(f(y)—f(x))q(x, dy)=:Lf(x). (4.18)

L is the infinitesimal generator, and g(x, E) = q(x) so we have, for x outside a
countable set,

Lf(x)= f fWalx,dy)—q(x)f(x) (4.19)

We shall assume from now on, except if otherwise stated, that forall x, g(x) <
+00. The states for which g(x) = 0 are called absorbing. We have of course the
Kolmogorov equations:

d
ng:pth:LPtf. (4.20)

This of course applies to process on discrete state spaces whose Q matrix satisfy
q; = Z]#l ql] < +0Q.

4 Bounded rate processes
We consider a jump process on (E, &) with generator

Lf(x)=f(f(y)—f(x))q(x,dy) 4.21)

with g a finite transition kernel that is a function g : E x & — R, such that

1. foreach x € E, g(x,.) is a finite measure
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2. foreach A€ &, x — q(x, A) is measurable. The total jump rate at state x is
q(x)=q(x,E).

Without loss in generality we shall assume that g(x, {x}) = 0. We say that the jup
process has bounded rates if sup .. g(x) < +00.

Proposition 4.8. Consider a Jump Markov process with bounded rates as above
andletb > sup, q(x). Then

1
Py=T+—L (4.22)

is a Markov kernel that is Py, f is positive bouded measurable if f is, and P,1 = 1.
Let Y = (Y,),en be a discrete time Markov chain with transition kernel P,. Let
N = (N;);>0 be a standard Poisson process on the line with rate b, independent
from Y. Then

X, =Yy (4.23)

is a Mrakov process with generator L.

Proof. Consider the filtration 7; = o(Y,on,, n €N; Ny, s < 1). The X; is #; mea-
surable.

First we are going to prove that (N, = N;,, — N;, u > 0) is independent from .Z,.
By the monotone class theorem it suffices to prove that

E[UV]=E[UIE[V] (4.24)

with U = Hle hj(Nuj)» V= ngiSL fi(Yni/\t)nglgM gl(Nsl)r Uy <y <up, N <
ny <---<nyp, 8 <-- <8y <t and the functions f;, g;, h; positive measurable
bounded.

This is indeed true since

E(UV]= Y P(N,=m, Ny =p;)[ [1ion)] [&imB[[ ] 4]

mp,pj

= > (N, =m)B(Ny, =p;)[ i [ [&imB[[ [/ Fins)]
my,pj

=E[U]E[V]

Now we are going to prove that if we define
P f(x)=e't f(x)=D> —L"f(x)

which is well defined on b & since L is bounded, we have
E[f(Xe+5)| Z:]= P f(X,), (4.25)

for all positive bounded measurable f.
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We decompose with respect to the values of Ny = N, ,—N,, which is independent
of 5’.1*

E[f(Xt+s) | ﬂ}] :E[f(YN[+NS) | gt]
= E[f (Y0 1w | 7]

k
= B(N, = K)E[f(Y,40)| 7]
k

= P(N,=k)pj f(¥x,)
k
b k
=S e o)
. !
:e—bsebstf(Xt):esL (X¢),

—bsebst — e—bsl+bs([+%L)

sL

since e =e

The preceding construction dates back at least to Cinlar(7]

- o - {thm: compbounded}
Theorem 4.9. Assume that q,, q, are finite transition kernels on (E, &) a Polish

space, with bounded rates, such that the associated generators satisfy Ly < L,.
Then the associated semigroups satisfy forall t, P,(t) < P,(t).

Proof. Let b > sup, q;(x)+sup, g.(x). Let ¥}, Y, be discrete time Markov chains

associated to )
Pb,i =1+ ELZ . (4.26)
Then L, < L, implies immediately that P, ; < P, ,. Indeedlet A€ ./ and x; < x,.

Ifboth x;, x, arein A or AC, since L;14(x;) < Ly14(xp) wehave Py, 1 14(x;) < Pp 21 4(x,).
Since A is monotone the only case left to examine is x; ¢ A and x, € A. We have

Li1A(x) = qi(x,A) < qi(x1), and  Lyl,(x2) = qo(x2, A)— Go(x2) = —qo(x2)
4.27)
Therefore

1 1
Pp114(x1)—Pola(x) = E(LIIA(xl)_LZIA(XZ))_ 1< E(ql(xl)—k o(x2))—1<0.

Let now N = (N, t > 0) be a Poisson process with rate b, independent from Y;
and Y. Let X;(t) = Y; N;. Then, for any positive measurable f

P(1)f (1) =By, [f(G(N)] =D P(N, = n)E,, [f(¥,)] by independence
= PN, =n)P}!, f(x1)
< Z]P’(Nt = n)Pb'fzf(xz) since Py, < Py 5

=Py(1)f (x2).
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5 Feller’s construction of Markov jump process with
unbounded rates

Assume that there exist borel subsets E;, o fE such that B, T E andsup,, g(x)<n.
This is the case if g is locally bounded and E is locally compact separable. Then
there exists on Ex = EU{A} a Markov jump process X with generator L such that

e g(x,B)=q(x,B)ifBeé&

o if= {inft >0:X(t) :A}, then A is an absorbing point a.e. V¢t >, X(t) =
A.

We say that X, = X, 1(,¢) is a sub Markov jump process defined up its explosion
time ¢. For bounded f € b &,

t

M = f(xt)—f(xo)—J LF(X)ds  (t<) (4.28)

0

is a local martingale with L f(x)= f q(x,dy)f(y)— f(x)). Indeed, we know that
N, =f(X)—f (Xo)—fot_f:(Xs)d s is amartingale, hence N; 7, . is, with f extended
by f(A)=0,s0 Lf(x)=Lf(x).

6 Unbounded rate jump Markov process

Assume that(E, &)is Polish and that there exists G5’s E,, T E such that sup E, q(x)<
+00 and
an{yeE\En:EIern,x<y}is monotone, (4.29)

and if H,, # 0, then there exist b,, € H,, such that
Vxe€E, x<b,. (4.30)
For example, if E =R%,Z4,... and q is locally bounded one could set
E,={x€eE:—n<x<n}, b,=((n+1,...,n+1). (4.31)

with < the classical lexical order.

Theorem 4.10. Assume that q,, q, are finite transition kernels on (E, &) such that
the associated generators satisfy Ly < L, and such thatsup ;. q;(x) <+00. Then
the associated semigroups satisfy forall t, P (t) < Py(t).

Proof. This is Chen [6, Theorem 5.47]. The idea is to build jump processes on
E, +1{b,}, apply the preceding results and taking limits. O

{eq: comp27}

{eq: comp28}
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Definition 4.2. We say that the semi group P(t) is monotone if P(t) < P(t) that is
ifforany fe b ./

X <% => Yt, P(£)f(x;) < P(£)f (%) (4.32)

The comparison theorem is simpler when one of the processes is itself mono-
tone.

Proposition 4.11. Assume that q,, g, are finite transition kernels on (E, &), one of
them monotone, such that the associated generators satisfy

Ll].A(X)SLzlA(X) (VAG.%,XEE) (433)

and sup ycp qi(x) <+090. Then the associated semigroups satisfy forall t, Py(1) <
Py(1).

Proof. Say that P;(¢) is monotone. Then the assumption enables to prove as in
Theorem[4.9|that for f € b.#,

() f(x) < P(2)f(x). (4.34)
Therefore, if x; < x5,
P(2)f(x1) S Pi(2)f(x2) < Po(2) f (x2) (4.35)

Let us give a direct proof due to Riischendorf [8]. Let us assume that for every
febu™, Lif <L,f and that P,(t) is monotone. Fix f € b4 ™" and consider

F(t,x)=P(t)f(x)=Pi(t)f(x). (4.36)
Then
Oy F(t,x)=LyP(t)f(x)—LyP(t)f(x)= L, F(t,.)(x)+H(t,x) (4.37)
with
H(t,x)= Lo Py(t)f(x)— L1 Py(1) f(x) = (L2 — L1)g(x) (4.38)

with g(x) = Py(¢)f(x) which by assumption is in b.#*. Therefore, H(t,x) > 0
which is a crucial ingredient in the proof.
Observe now that

d
%Pl(t—s)F(s,x) =P(t—s)O,F(s,x)—P(t—s)L,F(s,x)=P(t—s)H(s,x)=>0
(4.39)
Integrating this inequality between 0 and ¢ yields then

t

F(t,x)—Pl(t)F(O,x):f P (t—s)H(s,x)=0 (4.40)
0

and since F(0, x) =0 this yields F(t, x) > 0.
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7 Application

Comparison of Birth Death processes

As a warm up example we shall solve the problem of the introduction. ¢;, i =1,2
are BD processes with brth and death rates A;, u; such that A; < A, and u; > u,.
The generators are thus

Lif(x)=x(A;(f(x + D)= fx) + pi(f(x = 1) = f(x)). (4.41)

We use the classical order on N: x < y if x < y. Hence, a monotone set A is of
the type A=[n,+00) and we have

Lila(x)=xA; Yxmp—1)— XU Lix=p). (4.42)
Assume x; < x,. If x; € A, is n < xq, then
Ly14(x1) = =21 (z,=p) < Lo a(X0) = =X o L(p=p).- (4.43)
If x,¢ A, ie x, <n,then
Li14(x1) =21 1(y,=pn—1) < A2 L(,=p—1) = L2 1 4(X2).

Therefore by the preceding theorem Py(t) < P5(¢) and since f(x) = —1(,—g) is
monotone whenever x; < x,, Pi(t)f(x1) < P,(t)f(x,) thatis

P, (X} =0)>P,(X?=0). (4.44)

Remark. Observe that, taking P, = P, we have proved that birth death processes
are monotone.

Comparison of More General Jump Processes

We are now going to compare Markov jump processes that we consider in our law
of large numbers. They have been introduced by Kurtz [9] as density dependent
Markov processes. They have generators

k

Lif(x)=>_Bix)f(x+h))—f(x)). (4.45)

=1

with locally bounded non negative rate functions 3 ]‘ and h; € z4,
We say that the vector h is quasi monotone if for any monotone set A and x; < X,
if both x, x, arein A orin A€ then 1,(x; + h)—14(x1) < 14(xp + h)—14(x,).

Proposition 4.12. If, for each j,
1. either h; is quasi monotone and x, < x, implies 3 L(x) < B2(x2)
2. either—h; is quasi monotone and x; < x, implies—f'(x;) < —p%(x,)

Then L, < L, and thus forall t > 0, P,(t) < Py(t).
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The comparison of BD process is a simple application of this proposition with
hy =41, B (x1) = A1 x; < A%, = BZ(x,) and hy =+1 is quasi monotone since if A
is monotone, thatis A=[n,+00) then 1,4(x +1)—14(x)= Ly=p—1)— Lx=p)-

As before, everything is simpler when one of the processes is itself monotone.

Proposition 4.13. Assume that either X, or X, is monotone. If for A € .# and

forall x, L114(x) < Ly1 4(x) then Pi(t) < Py(t).

Comparison of SIR and BD processes

The SIR process has generator on Z3:

Lf(x)=pBr(x)(f (x + b)) = f(x)) + Bo(x)(f (x + h2) = f(x)) (4.46)

with,if x =(s, i, r)eZi, h; =(-1,1,0), B1(x)=Bsi, h, =(0,—1,1), Ba(x)=71.

Proposition4.14. Let X, =(S;, I;, R;) bea SIR process with N = (Xy, 1) = Sy+1y+R,
with parameters 3,y and let Z, be a linear BD process with birth rate A= BN and
u =y starting from Zy > I. Then

I, <7, (4.47)

Proof. We introduce Y a Markov jump process on Z3 with generator

LY f(x) = Br(x)(f (x + By) = £ () + Bo(x)(f (x + Bp) — £ (x)) (4.48)

with f,(x)=BNi.
Our state space is E =[0,N]?’NZ3% and Yj iXo. The partial ordering we consider
isx=(s,i,r)<x’=(s,i’,r)ifand i’ > i.
We check immediately that if x < x’ then B;(x’) = BNi’ > B,(x) = Bsi. A set
A is monotone if for some n A = {(s,i,r):i>n}. We check immediately that
h; = (—1,1,0) is quasi monotone since if x < x’ and both x, x” are in A or in A¢
then

g(x)=1a(x + 1) —14(x) = 1412 — Lii<n) < 8(x)

Similarly —h, is quasi monotone. And thus if we let ¥; = (S/, I/, R]) with ¥, ~
(S0, Zy, Ry) we have X, < Y, and thus X, < ¥;. We now conclude since the I’ is a

BD process starting from 7. O

Corollary 4.15. Let X be SIR process with parameters B/N,y. Assume that the
basic reproduction number Ry = B /y < 1, initial population X, = (Sy, Iy, Ry) with
(X,1) = N. Then the number of infected persons I, goes to0 in a time of orderlog I
with a maximum of order O(I,).

Proof. We have I, < Z; and W; = Z; e #~7)" is a Ul martingale converging to Wy,
of expectation E[Z,] =E[[,]. Therefore max, I, < max W, is of order I,. O

{pro:majsirbd}
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8 Killed processes and Markovian jump semigroups
Let X =(X;,t = 0) be a Markov jump process dénied on the polish space (E, &)

with generator

Lf(X)=f (f)=fxNq(x,dy)  (febé). (4.49)
E

Definefor Ae &
T =Ty :=inft >0:X, € A®. (4.50)

Let Ac & besuchthatVx €A, g(x)>0
We let ./ = AN & be the trace sigma field, and b .</ be the set of functions f: A —
R, bounded, & measurable. For f € b.</, and t > 0 we let

S f(x):=E [f(X)1y<r)] (x€A). (4.51)
Proposition 4.16. (S;, t > 0) is a sub Markovian jump semigroup on b .<f , that is
1. If f>0,thenS,f >0 and S;1<1.
2. St45=8;08;s
3. Spf(x)=limy S, f(x)= f(x).
Proof. 1. The first assertion is obvious.
2. For the second, we observe that
Lr4s<1)= Ls<1) (<1 © Os. (4.52)

Therefore, by Markov Property applied at time s

St+sf(x) :Ex [ 1(s<T)Ex [(f(Xt) 1(t<T))° 05 | g’.s]]
=E, [ Ls<nEx, [f(X) )] =Ex [ 1< S: F(X5)]
= S5(S: f)(x).

3. We have obviously for x € A, Sy f(x) = f(x) since T > T; the first jump time

of X. For t > 0, we decompose the expectation with respect to the value of
&(q(x)) to obtain

Stf() [ Xt)l )] E T1<t)l(t<T)]

= f(x)e™" +f q(x et [f(Xt) t<T)|Tl=S]ds

f(x)e ta 4 [ gmsalx (J q(x,dy)f(y)1 yeA)St—sf(y))dS
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Indeed we know that X, and T; are independent, with X7, with law ﬁ qlx,dy)

so by the strons Markov property at time T;

-
E[f(X) <] T1=5]= J P(Xg €dy)E[f(X) 1<) | Ty =5, X1, = ¥]
[

J q(x)
-

J alx)

1
:qu(x,dy)l(yeA)stf(J’)

Hence

t
S f(x)=f(x)e "9+ f e—”—”‘f(’”u Cl(xydy)f()’)l(yeA)sz(Y))dS
0

(4.53)
and we have S; f(x) — f(x) as t — 0 by dominated convergence.
O

It is easy to determine the generator of this Markovian semigroup by using the
last formula (4.53).

Lemma 4.17. Forevery f € b.</ and x € A, the following limit exists

G f(x):%l%(st fx)—f(x) (4.54)
and we have
Gf(x)= q(x)f(x)—f galx,dy)f(y), (4.55)
A

with qa(x,dy) = q(x,dy)1,ea). Furthermore, the semigroup property implies
that for t >0

%Stf(x):GStf(x):Sth(x). (4.56)

We can always extend a submarkovian semigroup to a Markovian one by adding
a cemetary point A. On Ay = AU{A} weset P, f(A)= f(A) and for x € A,

P f(x) =S f(x)+ f(A)1=Py(z <T)). (4.57)

We have of course, P, f(x)=E, [f( )] with ¥; = X; 1;<1)+ Al 7). The genera-
tor is

if(X)=fé(x,dy)(f(y)—f(x)), (4.58)

1
= q(x dJ/) (yeAh) E[(f(Xt—s)l(t—s<T))°9Tl | Tl =

1
= q(x,dy) 1 enE[f(X)1ery | T =5, X1 = y]

s,Xley]

{eq:comp:27}
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with g(x,B) = g(x,B) if B Cc A and §(x,{6}) = g(x,A®). Therefore if f(A)=0,
G f(x)=Lf(x)

We now suppose that E is endowed with a measurable partial ordering. We ex-
tend the partial order to A by setting A < x forall x.

If B C A is monotone then either A € B and then B = A, , either A ¢ B and B is
monotone in A.

Therefore we have L, < L, iff for any monotone B in A, and x; < x,:

e either x;, x; € B and ¢ (x, B)— q1(x) < g2(x, B) — g2(x)
e either xy, x, ¢ B and ¢;(x, B) < ¢»(x, B)

In ohter words we only have to check that the conditions of L; < L, for x;, x, € A
and monotones B C A.

Proposition 4.18. Assume L, < L,. Then there exists a coupling(X,, X,) such that
The(X1) < The(Xa), (4.59)

and
Xl(t)<X2(t) on [0, TAC(Xl)),. (460)

Proof. Wehave L, < L,, so we can construct the coupling for the killed processes
Y1(2) < Y,(1). If we have Tyc(X;) > Tyc(X>), this implies that for some ¢, Y,(1)=A
and Y;(t)# A which is contradictory. O

9 Another comparison between SIR and BD processes

Let X, =(S;, I;, R;) be a SIR process with N = (X, 1) = Sy+ I+ Ry with parameters
B,r. Let 0 < e <1 and let Z; be alinear BD process with birth rate A = B N(1—¢€)
and y =y starting from Z, = I. Let B, be the number of births in Z until time ¢
and T =inf{r >0: B; <Sy—N(1—¢€)}.

Proposition 4.19. There exists a coupling such that

Z;<I; on[0,T) (4.61)

Proof. We consider X, =(S;, I R;) a jump Markov process with generator

Lf(x)=Br(0)(f (x + hn) = F(x))+ Ba(x)(f (x + hp) = £ (x)), (4.62)

{pro:minsirbd}

with ;(x)= B N(1—€)i. We consider the same orderon E = {x =(s,i,r)e(zZn]0, N])3}

as in Proposition4.14

With A={x € E : s > N(1—¢)} we have f,(x) < 8;(x) in A. We want to prove that
we have X < X on [0, Tyc(X). Since X is monotone, we only need to prove that if
x € A and B is monotone in A, then

L1z(x)< L1g(x)
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Since B is of the type B = {x € A:i > n} then the proof goes as in Proposition
414

In the process X the process (I) is a linear BD process with birth rate SN (1 —¢)
and deathrate y, and S, = Sy— B, since S; decreases by 1 exactly when I, increases
by 1. Therefore Tyc = T defined above and we are done. O

Remark. Observe that by the representation
t t
Zt:Z0+P1()LJ ZSdS)—Pz(f ‘UZSdS)
0 0

and B; = Pl(kfotst s) We know that in the critical case, on the non explosion set
of Z, Z grows exponentially fast, therefore with very high probability, if S, is of
order N, then T is of orderlog(N) (since P(t)/t ~1).



Law of Large numbers for Random Markov
Epidemic Models

1 Another representation of Some Markov jump
processes

Proposition 5.1. Let(h;),<;<i be jump vectors inZ® and(P;)<;< be independent
rate 1 Poisson processes independent from a random variable X, € Z¢. Let B 78
74 R, for1<j<k.

Then the equation
k t
X,,:XO+Zhjij ﬁj(Xs)ds), (5.1)
= 0

admits a.s. a unique solution which is a Markov jump process on Z¢ with gener-

ator
k

Lf(x)=Y Bi(x)f(x+h)—f(x)  (f bounded.) (5.2)

j=1

Remark. Let us observe that this process may have a finite explosion time {.
Furthermore, by the construction procedure if X, > 0 the forall t, X, > 0.

Example 5.1. 1. The birth death process. d =1, hy = 1, 5(x) = Alx), h, =
—1, Ba(x) = pu(x).

2. The SIR process d =3, for x =(s,i,r) eZ_‘f,

hlz(_lrl’o)r ﬂ](X):ASi
By =(0,-1,1) Bolx) =i

29

{525 : anoth-repr-sep

{eq:defmarkepidemic

{eq:genmarkovepiden
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A is the percapita infectious contact rate and y the percapita recovery rate.
IfX; =(S;,I1, R;) then X is the solution of the SDE

t
st=so—P1U Asslsds). (5.3)
Ot t
If:IO+pl(f ASSISdS)_PZ(J stds). (5.4)
Ot 0
Rt:R0+P2(f ﬂsds). (5.5)
0

Proof. SInce independent Poisson processes do not jump at the same time a.s.
we can do a pathwise construction of X, indectively along the jumps of X.

Let Zy = Xo,...,Z, be the n first values of the jump chain, §j,...,S, the holding
times, Ty = S; + -+ + S, the n-th jump time. Then the next jup time is T,,,; =
T, + S,41 is the first time ¢ > T, such that there exists j with

T, T,
Pj(f ﬂj(Xs)dS+/5,-(Zn_1)(t—Tn))—PjU ﬁj(Xs)ds)aéo. (5.6)
0 0

By the strong Markov property, these are independent Poisson processes of rates
a;=fi(Z,-1)- Let V; be their respective first jump times. Then V; ~ &(a;), S;41 =
inf; V; ~ &3 ja j)and Z,, = Z,_, + h; with probability Zofja - This is exactly the
usual construction of the Markov jump process with generator L given by (5.2).

O

2 Anon explosion criteria

We shall give a sufficient condition for non explosion for the process defined by
Proposition We shall exhibit a Lyapunov function if we make the following
assumption on rates. for x € Z% welet (x,1) = Z?zl x; (if x >0, the (x,1) =||x||;.
Assumption A : rate control Let J = { j: (h i 1) > 0} Assume that for some C; <
+00,

sp?ﬂj(x)s Cy(1+(x,1)). (5.7)
je

Proposition 5.2. Assume the rate control and that for some p > 1, ]E[(XO, 1) ] <
+00 and Xy > 0 a.s. Then, a.s. the process does not explodes and

VT>0, supE[(X,,1)P]<+o0. (5.8)
t<T

Proof. We let Z, = (X;,1). Then given a > 0, we can consider bounded rates
ﬂf(x) = B3(x) 1((x,1)<a) and construct a process that has infinite life time X“ (for

{pro:non-expl-crit}
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example by Cinlar construction we see that it does not explode) and the corre-
sponding generator. We let

T,=inft>0:(X%1)<a (5.9)

and we define without ambiguity X; = X/* on [0, 7%[. Welet { :=lim,4c0 T4. This
is the lifetime of X.

Given a locally bounded function f : Z¢ — R, we define f%(x) = F() e 1)<a)
and

t
f“(Xz‘f):f“(XO“)+lea+f LfFYX)ds, (5.10)
0

with M/" a martingale. Since L% f%(x) = Lf(x) for {(x,1) < a we have, if we set
Mtf:Mtf on [0, T,[,

t

f(Xt)Zf(XoHMthrf Lf(Xg)ds (r<Q).

0

From now on, we shall drop the superscript a, but keep in mind that on [0, 7,[
we are dealing with X%, M/*,
Observe that

Zﬂ] )+ (1}, 1))" = (x,1)7)
<Zﬂ, )+ (1, 1)) = (x,1)7)

jeJ
sZﬂj(x)cp<x,1>P—1

i€l
< C,Cyk(1+ (x,1))(x, 1)P
<C(1+({x,1)’")=Cf(x)

tAT,
f Lf(Xs)ds]
0

t

=E[(Xo, 1)P ]+ Cf E[1+(X;pr,, 1) ds.
0

Since M [f Az, I8 @ true martingale we get

E[f(Xt/\T”)] = E[f(xo)] +E

By Gronwall’s Lemma, there exists a constant C’ that does not depend on a, but
only on E[(X;, 1)”] such that

1+E[(X;pe,, 1) ] < C' 1+ 1)’ (5.11)

In particular s uptsT]E[(XtMa, 1)p] < +o0.

{eq:1-+-espcrochetx
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Consequently, { :=lim,q;.00 T, = +00 a.s. Indeed, otherwise thaere exists T > 0
such that P({ < T)> 0. Then

C'1+T)e" >E[(Xrpr, 1) |2 E[(Xrpe, 1) e, <1)]

>aPP(t,<T)>aP’P{{<T) —+oo(asa— +00)

which is absurd. Hence { = +0c0 a.s. and by Fatou’s Lemma letting a T +00 in

G-I we get

1+E[(X,, )P]<C'(1+1)e“" (5.12)
O
With a little extra work we can get a maximal inequality.
Proposition 5.3. Under the same assumptions, for any q € [1 ] andany T >0,
we have
]E[sup (X;,1)9 | <+o00. (5.13)
t<T
Proof. With f(x)=(x,1)7 we have Lf(x)< C(1+ f(x)) and thus
t
FX)<fX)+M!+¢ f 1+ f(X,)ds. (5.14)
Therefore, if Y; :=sup,., f(X;) we have for ¢ €[0, T']
t
Ks%+supM[+Ct+cf Y, ds. (5.15)
t<T 0
Hence, by Gronwall’s Lemma
Yy <(Yp+supMJ +CT)eCT (5.16)

t<T

It remains to prove that E [sup <M tf ] < 400. Remember that the predictable
quadratic variation of the martingale M/ is given by the carré du champ operator

{pro:non-expl-crit-

(M7, m7), =ft(Lf2—2fo)(Xs)ds (5.17)
We have 0
sz(x)—Zf(x)Lf(x)=Z/3j(x)(f2(x+hj)—fz(x)—zf(x)(f(x+h,-)—f(X)))
—Zﬂ, Flx+h))—flx)f
—Zﬁ, flx+hj)—f(x)f (flx+hj)=f(x)if j &)
< 2:6(]1 +(x, 1))+ (x, 1)1y

< C(A+(x,1)P).
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Hence, by Doob’s maximal inequality

2
E (sup Mtf)
t<T

< cal(f}) = cal(m!,m7),)

T
< cf (1+E[(X,,1)"]dt
0

< CsupE[(X,,1)P] < +o0.

t<T
O
Corollary 5.4. Assume thaht f locallly bounded satisfies for a constant C,
|f )| +|Lf(x0)| < CO+(x,1)7), (5.18)
with q €[1,4(p +1)].. Then the process
t
M/ :=f(Xt)—f(Xo)—L Lf(Xs)ds (5.19)

is a true martingale.

Proof M = M/ is a local martingale, and thus M, rz, is a bounded local mar-

tingale, thus a true martingale. Observe that Z; := sup,. ‘M Sf ‘ € LY(P) so if

0<s<t<TandAe %, we can apply dominated convergence to the equal-
ity

E[Mrr, 14]=E[Mpz,14]. (5.20)

O

3 Thelaw of large numbers

In a SIR model with an initial population N large, we are interested in the pro-
portions of susceptibles, infected and recovered.

More generally, we consider Markov epidemic models XV) with rates ﬂﬁ.N) de-
pending on a scale factor NV that will goe to infinity. We are going to study the
behaviour of

(5.21)

It’s generator is

L7 f(2)= 1" [N 2)= D ) @) (e + )= f(2)). (5.2

J



CHAPTER 5. LAW OF LARGE NUMBERS FOR RANDOM MARKOV EPIDEMIC
MODELS 34

We have the representation in terms of independent poisson processes p; and
thier compensated martingales ISj(t) = Pi(t)—t:

h; !
zN =7, +Z N’Pj(f ﬁ}N)(NZjV)ds) (5.23)
j 0

H (' h; !
_ ] (N) I 5 (N)
=zN+ E WL B; (NzNyds+ E ﬁpj(ﬁ B; (NZsN)ds)
J ]

Ifwe neglect the martingale terms, and we impose that for functions f3; : RY toR,
smooth enough, we have
ﬂ;N)(Nz) = NBj(z) (5.24)

and we have Z}¥ — z, € R?, then Z" will be close to the solution of the ODE

z(t)=z0+2h,f Bj(z(s)ds (5.25)
j 0

ie.
2/(t)=b(z(t)) with b(z):= > h;p;(2),2(0)=z. (5.26)
J

We also see that for smooth f, by a Taylor approximation,

L7 f(x)—= > B{(x)V f(2).h; =V f.b(2). (5.27)
j

Theorem 5.5. Assume that the rate functions f3; are positive measurable and lo-
cally bounded. Assume that b(z) = ihiB j(2) is locally Lipschitz. Assume that
the sequence of positive rv's Zl¥ satisfy sup ]E[< zZN1 >3] <400 and Z) — zy in
distribution. Then the sequence of processes (ZN(t),0 < t < T) defined by (5.23)
converges in probability for the L°°([0, T']) norm to the continuous deterministic

function z solution of (5.26).

Proof. Assume first that the f; are uniformly bounded and b globally Lipschitz

supsup j(z) <M <+oo and sup|b(z)—b(y)}SM|y—z|. (5.28)
joz y#z

Since we have

{eq:defznlaw-large-

{eq:betanjnz-:=-n}

{eq:zt-=-bzt}
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we get for t €[0, T']

t
|Z[N—z(t)|§|ZéV—zo|+MJ {ZSN—Z(S |ds+ Csup sup |P(s |
0 J O0<s<NMT

By Gronwall’s Lemma, this implies for ¢ €[0, T']

sup {ZN —z(1) | OZ —zo} +— Csup sup {P (s) |) Mt
t<T j O0<SsSNMT
We conclude that this quantity converges in probability to 0 thanks to the follow-
ing Lemma

Lemma 5.6. IfP(t) is a standard Poisson process and P(t)= P(t)—t then for all
a>3,
1
— sup |P(t)| =0 a.s. (5.29)
n teio,n]
Indeed first we have by assumption }Zév - zo} Fix % <a<1. There exists Cj(w) <

+00 such that a.s.
Vn, sup |P t)| <n C (5.30)

t<n
and thus

1 NMT)*
—sup sup {Pj(s)| < u

sup Ci(w)— 0. (5.31)
N " o<ssNMT N jp i)

Let us consider now the general case. Looking closely at the proofs of Proposi-

tions (5.2) and (5.3), given T > Olet Uy :=sup, <Z§V, 1). Since sup ]E[(Zév, 1>3] <

+00 we have
sup]E[UAz,] <+400. (5.32)
N

The function b is locally Lipschitz and f; is locally bounded. Therefore, for any
A> 0 there exists M4 < +00 such that

sup |B(x)| <My, |b(x)=b(y)| <My  (if(x,1)<A(y,1)<A).  (5.33)
J
We choose A>sup, 7 z(t). By the preceding arguments,on the event {Uy < A}

}Z;’V—z(t)| < C(|Zév—zo| +% ~sup }ﬁj(s)|)eTMA
j0<nENTM,

< Cur(|2y — 20|+ N C(w))
with C(w) a finite random variable. On the other hand we have

1 .1 C
]P’(UN>A)</T]E[U] R (5.34)

{lem:pttunif}



CHAPTER 5. LAW OF LARGE NUMBERS FOR RANDOM MARKOV EPIDEMIC
MODELS 36

Combining twe two, we show easily that for any € > 0,

. N _
NETOOP(Z|Zt —z(1)| ze)_o. (5.35)
t<T
O
Proof of Lemmal5.6. By Markov’s inequality, for all y > 0,€ >0
P(P(t)—t>e€)< e TE[e"P D] =exp(t(e? —1—7)—7e). (5.36)
Taking the infimum, with respect to y > 0, we get
€
P(P(t)—t>€) L —— 5.37
(P()=1> )< oo (5.37)
Similarly,
e—€
PP(t)—t<—€6)L ——m 5.38
(P(1) S e (5.38)
Therefore, for 1/2 <a <1 and € = t* we get
P(|P(1)—t]> t%) <2e™ " +olt*) (5.39)
By Borel Cantelli sup, n~%|P(n)—n| <400 a.e. Since t — P(t) is increasing,
P(t])—|t)—-1<P(t)—t <P(t]+1)—t (5.40)
And thus
|P(¢)—t]
sup———<+00 a.e. (5.41)
=1 a
Hence,for n >0,
P(t)—t
n~ D gup |P(t)—t| < n @ sup|P(t)— t|+n " sup IP(O)= 1] —0 a.e. (542
t<n t<1 =1 a
O

4 Generators and martingales

Assume that the generatoris definedas L : b& — b & alinear operator on bounded
measurable functions
Proposition 5.7. Forany f € b& we have the decomposition

t

f(Xz)=f(Xo)+f Lf(X,)ds+M] (5.43)
0

with M/ a martingale.
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Proposition 5.8. The martingale M/ has predictable quadratic variation

t

(M7, m7), :f Tf(X,)ds (5.44)
0

withT f = L(f?)—2f Lf the carré du champ operator. In particular
E[(M] ?]=E[(M!,MT),]. (5.45)

Proof. Assume wlog that f(X;)=0, then

t t t

Lf(Xs)dS+(J Lf(X,)dsY

Lf(x,)ds) = fz(Xt)_zf(Xt)f
’ (5.46)

0

Mtzz(f(X,)—J

0

But we know that )
dfi(X,)=LfAX,),dt+dm/ (5.47)

If for example f(X,) has finite variations, which is the case if X is piecewise con-
tinuous, we can apply the integration by parts formula to the second and third

terms to obtain, with I, = fot Lf(X)ds

—da(m! ,M'), +am! —21,am]



The duration of the basic stochastic epidemics

The stochastic SIR process is a pure jump Markov process X on E = Z3 (and a
density dependent Markov process) with generator, for x =(s, i, r) and bounded

f

LF)= 3 BN et FO)= B silf 51, i1, 1 s, 1, (G5, i1, 015,107,
i

(6.1)
We have seen that since when x =(s,i,7) € N* and x + h; ¢ N3, then §;(x) = 0.
This ensures that starting from X, € N°® the process stays in N3 : this we shall
assume from now on. Letting N; = || X;||; = <X,1> = S; + I; + R; we see that for
every function g, if f(x)=g({x,1) =we have L f(x)=0so t — P, f(x) is constant
and this implies that N; stays constant a.e. (since it is cadlag).

1 The start of the epidemic

By proposition let us assume that we start wuth X, = (N —1,1,0) that is
N —1 susceptibles and one infected person. Then there exists a coupling with Z
a linear branching process with rates (f, y) starting from Zy = I, =1: a.e. forall ¢
I <27,

We define the probability of a major outbreak to be the supremum of the 6 > 0
such that there exists € > 0 and a N, such that for any N > N

P(Tjen(I) <400 | Xg=(N—1,1,0))>6, 6.2)

with

T,(I)=inf{t>0:1, >a}. (6.3)
In words, the probability of a major outbreak is the probability that for large ini-
tial population N, starting with one infected individual, the population of in-

fected reaches a macroscopic level, that is a positive fraction of the initial popu-
lation.

38
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Assume thus that § < y. Then the linear BD process Z, becomes a.s. extinct and
Sup,>oZ; < +00. Therefore, as N — +00,

P(]{eNJ(I) <400 | Xy=(N—-1, 1,0)) < ]P’(supZt > EN) —0. (6.4)
>0
Animportantingredient of the preceding limit is that the random variable sup, ., Z;
does not depend on N. Therefore the probability of a major outbreak is 0.
Similarly, if B > 7, then Z becomes extinct with probability 8 /y and therefore the
probability of a major outbreak is less than 1—f /7.
On the other hand, thanks to Proposition[4.19} given 0 < € < 1 small enough so
that f(1—e€) > 7, we can construct a coupling with alinear birth and death process
Z with rates (B(1—€),7) :
I,>Z, on [0,T), (6.5)

with T =inf{r >0: B, < N—1—N(1—¢€)} and B, the process of number of births
of Z.

Consider the martingale W, = e ™" Z, with r = B(1—€)—y > 0. On the set { W > 0},
of probability /ﬁ, the process Z; grows exponentially fast, so T is of order
log N and there is a 1 > 0 such that Z; > nN since we have B; ~ e”! (Use again
the comparison theorem to get a precise statement). Therefore, we have, for all
N large enough,

¥

B(l—e)
(6.6)

In conclusion, if > 7, the probability of a major outbreak is 1—y/f, and the time
for the infected population to reach a positive fraction of the initial population
N is approximately log N.

]P’(][nNJ(I) <400 |Xy=(N-1,1, 0)) > ]P’(Zdoes not become extinct) >

2 The deterministic SIR epidemic model

Assume now that we have a SIR process with initial population X(EN) =(N(1—-

€),€N,0). From the law of large numbers we now that Z;V = %X ﬁN) is uniformly
close to z(t)=(s(t),i(t), r(¢)) the solution of the SIR ODE

s'=bhetasi 6.7)
i'=Bsi—yi (6.8)
F =y (6.9)

with initial condition z(0) =(1—¢, €,0). Let us do a brief study of this ODE of the
type z’ = b(z) with b locally Lipschitz. Observe that b(z) =0 for z € d K with K
the positive orthant : the cone K ={z:s>0,i >0, r >0}. Therefore since z(0) €
K, z stays in K for all times (this is a classical result on monotone dynamical
systems : see e.g. Proposition 3.3 of [10])
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Observe now that n(t) = s(¢t)+ r(t)+ i(t) is constant : n’(t) = 0. thus, for all
t, n(t) = n(0) = 1. We have s’(t) = betasi < 0, so it is a decreasing function,
and s(t) €0, 1]. Therefore it converges to s(oo). SImilarly, r(#) is increasing and
bound so converges to r(00). Therefore i(¢) =1—r(t)— s(¢) converges to i(c0).

r'(s)ds=0+7ff i(s)ds (6.10)

Since
r(t)= r(0)+f
0 0

and r(t)stays bounded and i(t) — i(00), we have i(00) =0, and therefore 7(co)+
s(oco)=1.
Moreover, % =—f1, thus

t t

s(o0)= S(O)eXp(—ﬂJ i(s)ds)=exp(—(f/7)r(c0)) (6.11)
0

Combining all this yields that z. =1 — s(c0) = r(00) is a solution of
1—z, =(1—e€)e P/ (6.12)
and therefore z =lim._, z. is the unique solution of
1—z=e fo?, (6.13)

with Ry = 8/y > 1 the basic reproduction number. Let us rewrite down this equa-
tion, with o =1—s =lim,_,q s(c0)

Ryoe 7 = Rye o (6.14)

Therefore o = Ryo €(0,1) is the unique solution in (0,1) of xe™ = Rye .

3 The end of the epidemic

Combining the law of large numbers, which we shall assume is an a.e. conver-
gence, and the preceding results, let us choose € small enough so that Rys(c0) < 1

Let us choose T > 0 large enough so that Rys(T) < 1—2n < 1 and consider X"
(N)

a SIR process starting from X; ' =(N(1—¢€),€eN,0).If N is large enough, then for
N > N, almost surely, RO%S(TN) < 1—n <1 and thus we shall use strong markov

property at the finite time T =inf >0, ROS(TN) <N(1—n).

Using the comparison theorem, the extinction time of XV from this time on, is
stochastically dominated by the extinction time of a linear birth and death pro-
cess Z with rates (f 1;—077 = 7(1—n),y) which is subcritical, and thus goes extinct
in at most finite time that does not depends on N. Alas, the initial number Z; is
less than N and we are left to prove that Ty(Z) = max(T, ..., T;,) the maximum of
the hitting time of zero for V independent branching processes starting from 1,
is of order log(IV). This is an easy exercice because Ty has an exponential tail.

P(Ty> t)=P(Z, #0) ~(1—A/u)e W21, (6.15)
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Multi type Galtson Watson Processes

1 Motivation

Modelling the reproduction of bacteria in which a gene has two types of allele A
and B. We assume py, po, @7 €(0,1) and consider two cases @, € (0,1)and o, =1
(B alleles only yield B Alleles).

The questions we want to answer are the following :

¢ Do we have extinction, survival ? starting from all A’s or all B’s or a mixture
?

e When there is non extinction what is the growth rate of the total population
?

e Do we have relative asymptotic frequencies of A and B ?

2 The model

The population at generation n is a line vector Z,, =(Z,,,, ..., Z,4) of integer val-
ued random variables, with d the number of different types. The type of an indi-
vidual is an attribute that remains fixed throughout its lifetime. Individuals of the
same type have the same offspring distribution. Different individuals reproduce
independently.

The offspring of an individual of type i is distributed as &; = (&;1,...,&;4) and
assumed to be integrable. The process Z,, satisfies the induction

7

d nj .
Zn =D > &, (7.1)

j=1i=1

n+l1

with (é(inﬂ)’j, n>0,i>1,1<j<d)independent and 55. M distributed as g;.

42

{eq:defgwmultitype}
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Figure 7.1: Reproduction of Bacteria

Example 7.1 (bacteria reproduction). . i =1 for type A, i =2 for type B. Then

P(€:=(0,0))=1=p;, P(:1=(20) =pa;, P& =011))=p(l—a1)
P(E:=(0,0)=1-p, P(52=(0,2)) =paz, P(E=(L1)=pl—as).
The mean matrix is M =(m; j)i<; j<q With
m; =E[E;;]=E[Z1; | Zo=&]. (7.2)

The sigma-field is Z,, = U(é(l.k)’j, k<n,j, i) and Z, is a &%, Markov chain.
Lemma 7.1. If we take the conditional expectation of a vector to be the vector of

its conditinal expectations we have
E[Zyq | Ful=2Z,M (7.3)
Proof.

nj

d . d
Sl 2022 2 E[EL 17 =2,

j=1i= j=1i=1 j=1
(7.4)

O
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Corollary 7.2. Lety be a right eigenvector of M with eigenvalue A€ C. Then Y, =
A" Z,y is a martingale (possibly complex valued).

Therefore it should not be surprising that the growth rate of Z,, is given, when
there is no extinction, by the largest modulus eigenvalue, the spectral radius

p(M):=sup{|Al: L e sp(M)} (7.5)
Gelfand’s formula yields that for any matrix norm

p(M)= lim_||m"|"", (7.6)

n—-+00

and we know that p(M) < 1iff M" — 0.
In the baceria example,

my =E[ln]=2pa; + P(1—a;) = pi(1+ 1), mp = pi(1—ay), ... (7.7)

If @, €(0,1) we have M >> 0 that is m; ; > 0 for all entries i, j. On the other hand
if @, =1 then M is triangular with spectrum sp(M) = {pl(l +ay), 2p2}.

Definition 7.1. A matrix M with non negative entries, M > 0 is said to be inde-
composable orirreducible ifVi, j3r(M");; > 0. Wesay that the multitype branch-
ing process is indecomposable.

This means that every type of individual may have eventually a progeny of any
other type. We shall prove that then, when there is no extinction, for every start-
ing mixture of types the growth rate is the same and given by p.

We see on the bacteria example that this is not the case for decomposable case
a» =1 since we have two different rates.

3 Extinction probabilities

Proposition 7.3. Let fi(s) = E[sf“ ‘-‘ssid] and f(s)=(f(s),1 <i <d). Then the
extinction probabilities
qi=P(Z,—0[Zy=¢) (7.8)

satisfy f(q)=4q.

Proof. As in dimension 1, condition on the first generation. There is extinction
iff there is extinction for all the GW processes of the descendants of the ancestor,
& of type k, that have a probability g, of extinction therefore. O

Assume that there exists a vector u € R with u; > 0forall i, suchthat Mu=pu
with p = p(M).
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Proposition 7.4. The process W,, = p™"Z, u is a positive martingale such that
s; =P(W =0|Z,=e;) satisfies f(s) = s. Therefore if p < 1, then there is almost
sure extinction. Assume p > 1, if forall i, k, ]E[iiklong 5l~k] < 400 then W, is an
Ul'martingale. If, moreover, 0 is the only absorbing point of the chain Z, then s = q
: on non extinction the process grows exponentially.

Proof. Condition on the first generation : if w L] is the variable corresponding to
the multitype GW process Z,ll’] of the /-th child of type j of §), then

d_fij L
Zn=>>77 (7.9)
j=11=1
So taking limits in #Zn u yields
1 d Sij
W=-— whi (7.10)
o 2

j=l1=1

And thus, by independence,

£
Sij

d
P(W=0|Z,=¢;)=E IF’(Z

=1 1=1

Wl’j=0|<§ij,lﬁi£d) :E[l_[s}:”]Zfi(S).

(7.11)
SInce u >> 0, we have {W > 0} c {Vn, Z,, > 0}. By monotonicity

qi:P(EII’lZZn:OIZ()Zei) (7.12)

is the smallest root of f(g)=gq since g; =lim 1 q; , =P(Z,=0|Zy=¢;)and gq; o=
0. So if s is another solution s; > 0 = g; o implies s; = f(s) > f(0) = g;, and by
induction s; > gq; , — ¢;.

Since W,, i a Ul martingale, we have E[W | Zy =¢;]=E[W; | Zy = ¢;] = u; > 0 and
thus forall i, s; < 1.

Observe that M), = s%» =] | sl.Z "' is a martingale since

E[Myi1 | Za] =Bz, [s7]=] [ fils)? = M, (7.13)

Since M,, € [0,1] it is a UI martingale, and thus converges to Ms,. The range
of M, is discrete : E = {[[,<;<4$;", ni €N} and therefore M, € {0} U E. When
M, € E, then M,, is a stationary sequence that is ther exist ny(w) such that for all
i,foraall n> ny, Z, ; = Z; Since the only absorbing point of Z is 0, this implies
that Z., =0 is that the process goes extinct, and therefore M, = 1. Therefore

si=E[My| Zy=¢;]=E[Mes | Zo=¢;]=E[Moo Y yicr)| Zo=¢;]  (7.14)
<P(Z,—0|Zy=¢e;)=q,. (7.15)

Combining everything we do get s =q. O
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4 Perron Frobenius Theorem

This theorem gives sufficient conditions for matrices with positive entries to have
their spectral radius as the only eignevalue for a vecteur with strictly positive en-
tries.

For x € R% we say that x > 0 if forall i, x; > 0. We say x > 0if x > 0 and x # 0, and
x >> (0 if forall i, x; > 0. We have the same notations for a real matrix A€ .# ;.
Observe that if x >0 and A>> 0 then Ax >> 0.

Lemma?7.5. Ifx>>0andy >0 thena :sup{c >0:x2> cy} > 0 (with the con-
vention supl)=—00) and 3i s.t. x; = ay;.

Proof. Let ¢ = 2M% 5 0 Then, x > ¢y, soa >0. Wehave z = x—ay > 0. If

supy
z>>0, then there exists 0 > 0s.t. z> 6y and so x > (a+0)y and this contradicts
the definition of a. So there exists i such that z; =0. O

Lemma 7.6. [fA>>0, x>0 and Ax > cx then ¢ < p(A) the spectral radius.

Proof. Assume ¢ > 0. We have by induction A" x > ¢" x, therefore

HA"”=sup{H” ﬁ”"",yyéo}z%zﬂ, (7.16)
%) o0
and by Gelfand’s formula, p(A)=1lim,,_,, lA V" > . O

Theorem 7.7. Assume A>>0 and let p = p(A)> 0 be its spectral radius. Then
1. There exists u >> 0 such that Au=pu.
2. IfAesp(A)and A +# p then, |A| < p.

3. The dimension of the eigenspace associated to p is 1. More precisely, if Ax =
Ax with x >0 and A> 0, then A= p and x = au for some a > 0.

Proof. Let x # 0 be an eigenvector of A with eigenvalue A. Then y =|x| defined
by y; =|x;| satisfies

Alyi = %]

<> aiy; (7.17)
7

thatis Ay > |A|y. By Lemmal7.6) |A| <p.
Assume that|A| = p. Then by the two precedinglemmas, p = sup {c >0:Ay>c y}
and there exits i such that p y; =(Ay); that is there is equality in (22)

Zal]x] Zcz”y] Zal]|x]| (7.18)

PYi=

{lem:perr-frob-thec

{lem:perr-frob-thec

{eq:pfeqmod}

{eq:rho-y_i-=}
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Recall that if wy, ..., w, are complex numbers such that |w; +---+ w,| = D_|w;]|
then they have the same argument : there exists 8 € R and A; > 0 such that wy =
/lkeig i

Applying this to the preceding equation (7.18) yields that the x; have the same
argument, and therefore x; = eigyj so x = e'?y and thus Ay = 1y. We also get
that y; > 0 since otherwise forall j y; = 0. Since p y; = (Ay); we get that A = p.
Since y >0 and A>> 0 we have y = %Ay >> 0 and this proves statements 1 and
2 of the theorem.

Let us prove now that if Ax = Ax with x >0and A >0, then A= p and x = au for
some a > 0. First x >0, A>>0s0 x = %Ax >> 0.

Leta =sup{c>0:x > cu}. ByLemmal[7.5} a > 0 and for some i, x; = a u;. There-
fore

Aau; =Ax; =(Ax); =Za,~jxj Z(XZﬂu)aZaijuj =apu;
J J

SInce |A| < p, we obtain A = p and that there is equality in the preceding inequal-
ity, and therefore since a;; >0, x = Qu. O

Theorem 7.8. IfA> 0 and there exists m € N* such that A™ >> 0 then the conclu-
sions of the preceding theorem hold.

Proof. We have p(A™)=p(A)™. Let n #0and A such that Ax = Ax. Then A" x =
A x If |A| = p then |A™| = p(A™) so by the preceding theorem A" = p.

Observe that since A™ >> 0, 0 ¢ sp(A) so every line and every column of A is > 0.
Therefore A”*! = A™A >> 0 and we have also A”*"! = p. This yields A = p so
A" x = p" x and by the preceding theorem x =ny with y >> 0, n € C. Therefore
Ay =y and we are done. O

Assume A> 0 and A™ >> 0 for some integer m. We saw that A has a right eigen-
vector u >> 0 such that Au = p u. We normalize u so that > ; u; = 1.

Then A has a left eigenvector with eigenvalue p (consider the transpose): vA =
pv. And we can normalize v so that vu=u.v’ =Y, v;u_1.

Prove as an exercice that the operator Px = (x. vNu=vxuisa projector pP2=p
that commutes with A: AP = PA=pP. (Itis a projector on the eigenspace with
eigenvalue p).

Lemma7.9. Let B=A—pP. Then p(B)< p and 2 — P.

Proof. Assume Bx = Ax with A#0, x #0. Then
APx=PBx=PAx—pP?’x=0, (7.19)

oPx=0and Ax = Ax. If |[A] = p then A = p and Px = x so x = 0, absurd.
Therefore |A| < p and we have proved that p(B) < p.By induction

A"=B"+p"P, (7.20)

{theo:perronfrobeni
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and therefore p™ A" = P+ p™"B". Butif 6 > 0, then there exists by Gelfand
formula a ny such that for n > n,

|o~"B"|| < p—n(pB+6)" -0 (7.21)

if we have chosen 6 small enough. And thus p~™B" — 0.
0

Prove as an exercice that if x > 0 and Ax > Ax for some A > 0 then A = p and so
x is a multiple of u.

Fortunately, we know exactly when to apply Theorem[7.8] A matrix A > 0 is irre-
ducible if
Vx,y dm (A™),, >0. (7.22)

The period of an element x is d(x) =gcd{n>1:(A"),, > 0}. If A is irreducible
then all states have the same period, forall x d(x) = d(A). We say then that A is
aperiodicif d(A)=1.

Proposition 7.10. Let A be a matrix such that A> 0. Then there exists m € N* such
that A™ >> 0 iff A is irreducible and aperiodic.

5 The supercritical case and geometric growth

We assume that the mean matrix M =(m; ) is irreducible and aperiodic. Thanks
to Perron Frobenius theory, if p is the spectral radius of M then there exists u >>
0,v>>0with1=>, u;v; suchthat Mu=puand vM =pM.

We know then that W,, = p™" Z,, u is a positive martingale converging to a finite
rvW.

Theorem 7.11. Assume p > 1 and supi,k]E[é'iklonggik] <+o00. Then
p"Z, > Wv a.e. (7.23)

Corollary 7.12. Under the preceding assumptions, on the non extinction set the
assymptotic proportions of each type converge a.e. to a deterministic number. If
|Z,] :Zj Z, then, a.e. on{W > 0}

Zni Vi
——.
1Z,| |V

(7.24)

Proof of Theorem To simplify the proofs we shall assume that sup;  E [5 fk] <
+00 and follow the arguments of Kesten and Stigum [11].

Lemma 7.13. There exists a constant C > 0 such that foralla eR?, z € R_‘f

E.[(Z1—zM)a)*] < Cllal]z]. (7.25)

{theo:supercritical
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Proof. Remember that E[Z,,,|%,] = Z,M, hence if X = Zja = >, Z,;a;, we
have

E,[X]=E,[E[Z1a| Z%]]=zMa. (7.26)
Therefore,
Zj )
E,[(Z,— zM)a)?] = Var,(X) = Var ((Z g )a)
joi=1
Zj
= ZZVar(éj ja) by independence,
Ji=1

:szVar(é'ja) < Cllallz|.
J

Lemma 7.14. The series Y., (Z,+1 —Z,M)p~" converges as in R?,

Proof. We shall prove that for every a € R? the series >, U, converges a.e. with
U, := p~"(Z,+1 — Z,M)a. First observe that by induction Z,, € L? so U, € L?.
ThenE[U, | Z,]=0hence M,, = U, +---+ U, is an L? martingale and it converges
a.e. assoonas Y, E[U?] < +0c0. Indeed,

E(U, | Z,)=p "(E[Z,1a|TF,|—Z,Ma)=0. (7.27)
Moreover, by Markov property,
E[U; | Z0]=p "By, [(Z1 — ZoM)aY' | < Cp~?"all3|Z,]. (7.28)

Remember thatsince u >>0, W, =p™"Z,=p "> . u;Z,; > Cp~"|Z,|, and thus

E[|Z,1< Cp"E[W,]< Cp"E[W] (7.29)

Hence,
E[U?|=E[E[U?| Z,]]< Cp2"E[|1Z,]< C'p™" (7.30)
and thus Y, E[U?] < +00. O

{lem:supercr-det}
Lemma7.15. Letu, v, x, € R? besuchthatu.v =1 andlim,, , oo Xpip—(Xp.U)V =

0. Then there exists A € R such that x,, — Av.

The proof s left as an exercise.
{lem:supercr-case-g

Lemma 7.16.

a.e. lim Z,lﬂp_(’l“)—(p_r"Z,Ou)v =0 (7.31)

Tp—+00,11—Ty—+00
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Proof. From Perron Frobenius theory we know thatif zP = zu v is the projection
then B = M — p P has spetral radius spr(B) < p and thus ||B"|| < p{' for some
0<p;<p.SInce p™"M" =P+ p~" B, we have

n

I(ro,11):= > (ZpaM"™ = Z, M )p7t

r=n

n
= Zrn—Z:M)p~ D (pT M)

r=rn

n n
— Z (Zr+] _ZrM)p—(r+1)P + Z (Zr+1 _ZrM)p—(r+1)pr—r1Br1—r

r=n r=n

Therefore, with U, = (Z, ., — Z,M)p VP,

n
>

r=n

Al
11(ro, 1)l < +sgg||ur||2pf |8, (7.32)

T r=rp

and lim, oo, r,—ry—+o0 (7, 11) = 0 since the first term is a remainder for a con-
vergent series > U,, and the second term is bounded by

Csup||U]||,. (7.33)

r>r

Now observe that I(ry, r7) is a telescopic sum:
I(T’O, rl) — p—(r1+l)Zrl+1 _p—rOZrop—(rl—r0+l)Mrl—r0+1 (7.34)

Since p™"M" — P this yields

— ; — ; —(n+1) _p T
0= ro—>+oo%lr{13ro—>+oo I(ro, )= r0—>+oo%lr¥l;1ro—’+oo P Zr1+1 P Zrop » (7.35)
and this ends our proof of the Lemma. O

We now resume the proof of the Theorem. Combining Lemmas and we
obtain the existence of a random variable T such thata.e. p™Z,, — Tv. Since
W,=p7"Z,u— W,wehaveae W=Tvu=T. O



Exercises

1 Exercises on Galton Watson processes

Exercice 1.1

Describe precisely, extinction probability, mean time to extinction, of the Gal-
ton Watson process when the reproduction law is non deterministic and satisfies
P(E=0)+P(&E=1)=1.

Exercice 1.2

Prove that for a subcritical GW process( m < 1) the mean total progeny is
_ 1
E|X|=——-A
[X]=1—
Exercice 1.3
Assume that o2 := Var(&) < +00. Show that

Var(X,,,1) = m"o? + m?Var(X,,), (8.1)
and then that o :
o -m"(m"—1 .
——— if m 1.
Var(X,)= me=m 7 (8.2)
no? ifm=1.

Show that if m > 1 then the martingale W,, = % is UL

Solution de U'Exercice 1.1

We have P(£=1)=1—P(£=0)= p €(0,1). Therefore Ty = inf{n>1:2,=0}is
geometric with parameter 1 — p, E[Ty] = ﬁ, Ty < +00 so there is almost sure
extinction.

51

{eq:18%

{eq:19}
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Solution de I'Exercice 1.3

By the conditional variance formula
Var(X,+1) = Var(E [ X1 | 7))+ E[(Xp 11 —E[ X1 | 7))

=m?*Var(X,,) +E[E[(X,1, — mX,)* | X,,]]
=m?Var(X,)+E [Xnaz] .

Exercice 1.4

The Galton Watson process with immigration is defined by the recurrence
Xy,
+1
Xpy1 = Z g(ln ) + Y,
i=1

where the (& (l.k), k > 1,i > 1) are IID distributed as £ and are independent from

(Yi, k = 1) IID distributed as Y. In this model & (I."H) is the number of children of
the i-th individual of the n-th generation, and Y,, is the number of immigrants
in the n-th generation. We assume that 0 < m =E[£] < +00, Vj]P’(i = j) <1land
0<A=E[Y]<+00.

1. Prove that one has
Xy =Zy+UM 4.1 Ulm, 8.3)

with Z,, the number of descendants at generation n of the initial individ-
ual, U,gl) is the number of descendants at generation n of immigrants that
arrived at generation i, and all these processes are independent.

2. Let V,, = m™"X,,. Show that
E[Xys1 | Fpl=mX, +2, (8.4)
after defining precisely Z,,.
3. Show that V}, is a positive submartingale.

4. Assume from now on that m > 1. Show that

m'(m+A—1)—A
E[(X,]= p—— , (8.5)

and infer that C :=supE[V,,] < +o00.

5. Show that there existsarvV,0<V <+oco a.e. and V,, — V a.e.

{eq:21}

{eq:22}

{eq:23}
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6. Recall that W, =m™"Z,, — W a.e. for a positive finite rv W. Let = miA_l

m—1
and let
Y
T= Z W, (8.6)
k=1
with (W, k > 1) IID distributed as W. Show that
m"UD > m i TWa.e. with TVLT, 8.7)
Deduce that
+00 ] ]
VeU=W+> m T ae. (8.8)

i=1

7. Using independence in (8.3), compute for A > 0, E[e"wﬂ] Combining the
inequality for a positive random variable

—logE[e ]| <E[X]
with the fact that
E[m"UY]=m "E[E[Z,_i| Zy,=Y]]=m "m"'E[Y]=Am™", (8.9)
and show that

Ble?"]= lim_E[e7"]=E[c ] .10

n—+o0o
and deduce from it that V = U a.e.

8. Show thatif E[£log" &] < +00 the V >0 a.e. and that if E[£log" &] = +00
then V =0a.e.

Exercice 1.5

Assume that (X;);>; are IID positive random variables such that for constants
C>0,a>0
P(X >x)~Ce % (x — +00). (8.11)

Let M, = sup; <<, Xi. Show that M, — % log n converges in distribution.
Why is it a first step in the proof of (I.I3) ?

{eq:24}

{eq:25}

{eq:26%}
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2 Exercises on birth and death processes

Exercice 2.1
Let ¢ be a non identically null non negative solution of Q¢ = ¢, with ¢(0) = 0.
LetA,=¢,— @1, [n= %’ 8n= %

1. Showthat A, =¢1, A, 1 =280+ [u@Pn-

2. Show that ¢, is increasing

3. Letr, =fn+ZZ: fi8ks1---8&nt+8&1.- -8 Show that
rn¢l < An+1 < rn(pn

and deduce that

P11+ +-+ 1) <P <o | Ja+10)
k=1

4. Show that >, r; converges iff ¢ is bounded (and relate this to the non ex-
plosion criterion).

Exercice 2.2

Consider a linear birth and death process with A = u. Let g(t) := P1(X; =0) be
the extinction probability at time f, when starting with one individual. Explain
why P,(X; =0)=g(t)*. Condition by the first jump time and show that

t
q(t)zj e M (Ag(t—s)P+2). (8.12)
0
Deduce that g(t) satisfies the ode (Ricatti)
d
—q=Mqg—17, 1
174 Alg—1) (8.13)

and establish the formula g(t) = %

Exercice 2.3

Consider a linear birth and death process. Apply Kolmogorov forward equation
to f(x)= x? to show that u(r)= P, f(x) satisfies the ode

u=2A—pu+v, (8.14)

with v(t)=E, [X,;]= xe*#, Deduce from it that with W, = e"*#) X, we have
if > u, sup, E[W?] < +00, and thus the martingale W is UL
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Solution de I'Exercice 2.3
if f(x)= x? then

Lf(x)=Ax((x +1? = x)+ux(x—1°—x)=2A—wx*+(A+pw)x  (8.15)
so if u(t) = P, f(x), taking into accoutn E, [X,] = xe(*~#)¢
W' (t)=P,Lf(x)=2A—w)u(t)+ A+ p)xer ! (8.16)

and since u(0)= x?,if A#u
1 — o—-mt
u(t)= ez(’l_“)t(x2+(/1+,u)xe—) (8.17)
A—p
Therefore, if 2 > y, sup, E[W?] < +o0.

3 Exercises on stochastic comparison of Markov
Processes

Exercice 3.1

Show that if X is a branching process on N2, then it is monotone.

Solution de I'Exercice 3.1

It is the same proof as in dimension 1 with the partial order x < y if x; < y; and
X, < . Thenif x < y, there exists z € N x N such that y = x + z and we have, for
amonotone f:

Pf(y)=E,[f(X(t)]=E, . [F(X*(t)+X*(1))] (8.18)
>E, . [f(X*(t)]=E,[f(X(£)]=P, f(x) (8.19)

Exercice 3.2

Let X be a pure jump process on N? with semigroup (P;),>( and generator L. For
every 0 = (6, 0,) € (0,4+00)> we define the function fy(x) = e 0% = e (0101 +0:%2),
Then the following assertions are equivalent

1. X has the branching property
2. for every @ and every x, P, fo(x + y) =P, fo(x)P; fo(y).

3. for every 6 and every x,

Lfo(x+y)=fo(x)Lfo(y)+ fo(¥)L fo(x) (8.20)
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4. for every 6, there exists a constant vector Cy such that

Lfo(x)=Cy.x fy(x) (8.21)

Solution de I’Exercice 3.2

In the lecture notes we saw 1 < 2.

For 2 = 3 we only have to take derivatives at time t =0

For3 = 4 itis trivial : let y(x)= Lf(x)/f(x) it satisfies y(x + y) =r(x)+y(y).
Eventually, 4 = 1 comes from the method of characteristics. Let C;(8), C,(8)
denote the components of Cy. Let ¢, be the flow of the ODE

01/ = +C1(91, 92) (822)
0, =+Cy(6,,6,) (8.23)

Then, by Kolmogorov’s equation the function u : t — P, f,,9)(x) is constant: in-
deed let v(t,6,,0,) =P, fo(x)

W' (t)=03,v(t, ¢,(0))+ 6,0, v(t,d(6))+6,0,v(t,¢,(6)
=0, P, fy(x)— P, Lf,(x) forn=¢,(0)
=0

s0 P; fp,(0)(x) = u(0) = fp(x) and thus
P, fo(x) = fy_,()(x) = e+ O0x (8.24)

This is true at least for t in (0, &), since on (—8, §) the flow exists by Cauchy Lips-
chitz theory. Therefore, by semi group property, this is true for all .
Exercice 3.3

(see [12]) Let {N(#) = (IV;(¢), N>(%))} be aN x N-valued pure jump Markov process
with the following transition rates.

mb from (m,n)to (m+1, n)

nb, from (m,n)to(m,n+1)

mdi(m,n) from(m,n)to(m—1,n)
(

nd,(m,n) from (m,n)to(m,n—1).

Here by, b, are positive constants and d;, d, are functions from N x N to R,.. Sup-
pose that there is a set ¥ ¢ R, x R, and constants d;,d;,d;,d, €[0,00] such
that

d; <infd,(#)<supd,(¥)<d; and
d, <infd,(¥)<supdy(F)<d,
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Assume that (V;(0), N>(0)) € # and let T, be the random time defined by
Ty =inf{t >0: N(t)¢ &}

Let z,", 2], 25, z; be positive integers satisfying z;” < N;(0) < z;" and z, < N>(0) <
z;. Then on the same probability space as N, we can construct four N-valued
processes By, B;', By and B, with laws P(by,d;, z{"), P(by,d;, z7), P(by, d; , z3),
P(b,, d; ,zy)suchforall ¢ < T, the following relations are satisfied almost surely,

B (1)< Ny(r)<B/(r) and B, (t)<Ny(1)< B, (1)
(Hint : prove that when the function sd;, d, are constant we have a branching

process, which is therefore monotone, and use the comparison theorems)

Solution de I'Exercice 3.3

The generator is

Lf(x)= Zx,-(bi(f(x +e;)— F(x) + di(x)(f(x —e;)— f(x))) (8.25)

Therefore Lfy(x) = fy(x)D; x;(b;j(e% — 1)+ d;(x)(e~% — 1)) and the process is
branching when the death rates are constant.

Therefore, to prove that we can produce the coupling on [0, T,(B™)) we only have
to prove that for every monotone set A C .

LTI4(x)SLIp(x) S LY14(x) (x€). (8.26)

SInce the monotone sets are of the type A =[a,+00) x [b,+00) this is fairly easy
to prove.

4 Exercises on Multitype branching processes

Exercice 4.1

Let u, v, x,, € R? be such that u.v = 1 and lim,, , 100 Xp4p —(x,.u)v = 0. Then
there exists A € R such that x;,, — Av.

Solution de 'Exercice 4.1

Let A, := x,.u. Given € > 0, there exists ng, py such that forall n > ny, p > py,
||xn+p—)t,1v|| <e.
Therefore, since u.v =1, for n > ny, p = py

}An+p—7tn| = |xn+p.u—7tn v.u| < ||u||00||xn+p—knv|| <Ce. (8.27)
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Hence, for n > ny, p = py
An—CeE< Ayyp <Ay +Ce. (8.28)
Letting p — +00, we obtain with a =liminfA; and b =limsup,. A,
A,—Ce<a<b<A,+Ce. (8.29)

Taking n — +ooin A, <a+ Ceyields b <a+ Ce. Letting € — O yileds b = a so
there exists A € R such that A,, — A. Let €, ny, py be as above. Then, for n > n,
and p > py

[ Xnsp = A0|| < || xnsp = An || + 1A= Aulllvl < €+ 1A= A lIV]l. (8.30)

Letting n — +o0 yields
limsup||lx; —Av|| <e. (8.31)
k

Then, letting € — 0 yields x; — Av.

Exercice 4.2

Consider the bacteria example of the lecture notes. Determine the growth rate of
the population when there is no extinction, and show that there is an asymptotic
proportion of type A cells. Take a; =0.9998, p; = 0.8, a, =0.999, p, =0.9.

Solution de I'Exercice 4.2

The mean matrixis M >>0

M= (Pl(l +a;) pl(l_al))

8.32
p(l—as) p(1+as) ( )

with det(M) =2p;pa;2, > 0 and tr(M) > 0. We can apply Perron Frobenius
theorem, and the important thing is to find a left eigenvector. Numerically, we
get p = 1.79910717 and a left eigenvector, normalized, with vM = pM is v =
[0.00446413,0.99553587]. Therefore the asymptotic proportion of type A cells is
v[0] =4.41073 very small.

5 Hints and Solutions
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